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CALCULATOR-FREE 3 MATHEMATICS SPECIALIST Year 12

Question 1 (5 marks)
Consider the polynomial p(x) = x® + ax? + bx + 1, where a and b are real numbers.

The polynomial p(x)} has the same remainder when divided by (x + 2) as when divided
by (x — i), where i = v-1.

Determine the values of a and b. .
(Hint: The remainder theorem is also true for complex numbers!)
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Question 2 (10 marks)

Let f(x) = v4x — 3.
(a)  State the domain of f(x). (1 mark)
4x-3 2

O
X 2 2
Y

(b)  Find an expression for the inverse function f~*(x). (2 marks)
q = Vyy=-27
Y= Vhy-3

i

o= oy -7
w3

s L (x)s 5

X4 3= Uy

(c) Use algebra to determine the coordinates of the points where the graphs of
y = f(x) and y = f~1(x) intersect. (3 marks)

V-3
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v = Y13

x5 qx+ = ©

(x=1)(x-3)=0
Sooo X= %
Lo tntesseckion polls are (1,1) acd (3,3)
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(d)  On the same set of axes, sketch the graphs of y = f(x) and y = f~*(x),
labelling all axis-intercepts and intersection points with their coordinates. )
(4 marks

End of questions
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Question 3 (5 marks)

Recall from Year 10 that you can use Polynomial Long Division to divide a polynomial

P(x) by a divisor D(x), resulting in a quotient Q(x) and a remainder R(x). You probably
wrote this as

P(x) = D(x)Q(x) + R(x)

You may also recall the Remainder Theorenn:

When a polynomial P(x) is divided by (x — a), the remainder is P(a).

You may even recall The Factor Theorenn.

For a polynomial P(x), if P(a) = 0, then (x — a) is a factor of P(x).

(a)  Prove the Remainder Theorem. (3 marks)
PO = (x-a)@(y) + R(K)
whep X sat
O(a) = (a-a)Q (@) t R(=)
., p(a)= R()
cowhed xTa, Jhe rementchar K(“\):“?(") .
RED,
(b)  Prove the Factor Theorem. (2 marks)
Plx)= (x-a)Gle) + Pla) goim%fw Hreorem
o ?Lx) = (\4*6’*)@2&) Swee (la)=0
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| &iEJDe
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Question 4 (5 marks)

The graphs of y = f(x) and y = g(x) are as shown below.

Y
A
y =f(x)
0 ‘p x
y=gx)
Sketch the graph of y = f(g(x)).
Ly { (o)
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Question 5 (7 marks)
Let f(x) = x3—x*+3x—3.

(a)  Show that (x — 1) is a factor of f(x). (2 marks)
f(ly=1-1+3-3 =0
So, by e Ll Mesrem | =1 15 o facder o (b)),

(b)  Hence, or otherwise, find all the solutions to the equation f(x) = 0. (3 marks)
g
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(c) In part (b} you would have noticed that two of the solutions (roots) were complex
conjugates of each other. When will a cubic equation have two non-real
solutions that are complex conjugates of each other? (2 marks)
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Question 6

(8 marks)

Let f(x) =x —%xz forx < a.

(a)

(b)

Determine the largest value of a such that f(x) has an inverse function. (2 marks)

Th)= 4 (2= %)
’E_X(l“?‘) ., le. 7\om§(\@ pod b oo X =,

(l

Sketch the graphs of y = f(x) and y = f~1(x) on the same set of axes.
(Use the same scale on both axes)

(3 marks)

—
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(c)  Find an expression for f~1(x). (8 marks)

|
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Question 7 (5 marks)
Consider the function
fx) = 1,x * 1.
(@)  Show that f(f(x)) = x. (2 marks)
X4
< |
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(b)  Use algebra to find an expression for the inverse function, f~(x). (3 marks)
- R
b S|
= 9l
X 5
(tﬁﬂ)x = u_y‘-t
Y\'ﬁ - I( = Lj + 1
XY=y = K
w(x-1)= xt
AF) o Ned
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End of questions



